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5.5 Other Trig Formulas Rally Coach

Double-Angle Formulas
sin 2u = 2sinu cos u cos 2u = cos?u — sin®u

B 2tanu =2¢cos?uw — |
tan 2u = _l -
— an’u

=1—-2sinu

These formulas can be easily derived from the “Sum and Difference” formulas.
Note: There are 3 different double angle formulas for cosine. Use the one that is most conveniént.

Solving a Multiple-Angle Equation

Solve 2cosx + sin2x = 0.

Solution Begin by rewriting the equation so that it involves functions of x (rather
than 2x). Then factor and solve.

2cosx +sin2x = 0 Write original equamian,
2cosx + 2sinxcosxy = 0 Duuble-ungle lorzuia
2cosx{1 + sinx) =0 lactor.
2cosx =0 and | +sinxyx=20 Set factars wquul 1o zen,
T 3w I .
X = 3, 7 Y= ”2— Salatons in [0, 2a7)

S0, the gencral solulion is

7 3
x=— 2nw and x=7ﬂ+2n7r
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Solve each of the following equations over the interval [0, 2Tr).

1a.) cos(2x) + cosx =0 1b.) tan(2x) — cotx =0
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Use the given information to find the requested trig ratio for the double angle. (Hint: Drawing a
diagram may be helpful.)

o

2a.) If l‘sfne =- % land % <0<2m, 2b.) If sin6 =- 7—53 and 37” <0< 2m,
find the value of s(rl(Zé), ' \ ] |72 find the value of cos(26).
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Power Reducing Formulas:

1 ~ cos 2u —
sinfy = ——— a1t cos 2u a1 —cos2u
' 9 cos = ——"_—— tan~y = ————
- 2 | + cos 2u

These formulas are useful when trying to re-write a trig expression in a form without exponents. This is
helpful in calculus.

Example 2: Rewrite sint v in terms of first powers of the cosines of multiple angles.

Solution Note the repeated use of power-reducing formulas.

sin'x = (sin?x)? Property of exponents
1 — cos 2x\? )
== Power-reducing formuski
1 o )
= 1( 1 ~ 2cos 2x + cos® 2y) Expand,
! | + cos 4y R
= Z Il —2¢cosv +——m— Power-reducing fonuuala
I ! 2¢ + l + ) 4 Distribative P
=T T 2C08 AXY T T T €05 4X istribative Property
4 2 8 8
3 1 |
==——gcosdqv+ Zcos by Simplity,
s 27" 8 =k
' .
= ,_;(3 — 4 cos 2y + cos 4x) Factor out common factor,

Use the power-reducing formulas to re-write each of the following expressions in terms of the first
power of cosine.

3a)  cos' . 3b.)  tan*(2x) Note the double éngle.
TN A + 4 cos2

You can derive some usctul alicrnative forms of the power-reducing formulas by
replacing 1 with /2. The results are called half-angle formulas.

+ 08
- /1 + cosu
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Half-Angle Formulas

O 5 I —cosu
sinT = o cos
2 2

# | —cosu sin
T = - =
2 sin u 11 cosu

ro |

i . . i1 . LM
The signs of sin 5 and cos 3 depend on the quadrant in which - lies.

Example 3:  Find (he exact value of sin 105°.

Solution Begin by noting that 105° is half o 210°. Then, using the hal(-angle
formula for sin(i/2) and the fact that 105° Yies in Quadrant II, you have

— /_ bl
— e T 1° .
sin 105° = \/'—%"0 _ \/1 + (.7»/3/2) _ Hfi /3

The positive square root is chosen because sin 0 is positive in Quadrant 11,




Use the Half-Angle formulas to find the exact value of each trig function for the given angle.
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Use the half-angle formulas to find all of the solutions to the equation over the interval [0, 21r).

= oin2X i X x
5a.) cos,zzx—sm22 . 5b.) sin 2; cosx =0 ;\..\Cheﬁ_l‘( for : J
(VAT W& = /7 o neou
CO‘SP(,H‘_L%C— ) 6A2~ cos X / \e"ot .
2 /7, 2 2 | Sinf5h4c08% =0
2 CCOS = |- Cos X (3 e /.53 2
L= — ) ECosK N[ z/
2005 = )-coS X ~ (] -cosX '
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Produet-to-Sum-Formulas S Y=
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sina sin ¢ = ~Jeos(u == 1) - cosfu 4 )] stn ur cos ¥ =,—I,[_sin(n + v} + sinlu — v)]
l ,
COS It oS B = ';[cos(u -t - coslie b ovl] COS It Sin v =T],[.~:in(u + vy — sinfe — )]

These formulas are used in calculus to solve problems involving the products of sines and cosines of
different angles.

Rewrite the product as a sum or difference using the Product-to-Sum formulas.

6a.) cos(5x)sin(4x) 6b.) sin(5x)sin(3x)
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Sum-to-Product Formulas

. ) Cfu+ v n—v
sinu + siny = 23m< 3 )cos( p )

. . R (u + 1!) . (u - \’)
siny — sin v = 2 cos = | gin| ——
2 . 2

"n+ e =
cos u + cos v = 2¢os p cos\—

: g (u 4 \-') . (u - v)
Ccos it — cos vy = —2sin sin
2 2

These formulas are helpful if you have the sum (or difference) of a trig function with 2 different angles.
The formulas allow you to rewrite the sum/difference as a product and then use the zero product

property.

Example 4; G
Solve sin Sx + sin 3x = 0.
Solution

sin Sy + sin 3x =

2 sin { 5%+ 3‘)cos(m -, 3.1:) _

2sindxcosx =
2sin 4x = 0 yields
(in the interval [0, 2T) )
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Write originad cquation,
Sum-ta-presduet oemula

Siplity.
cos x = 0 yeilds

,%—T which are repeat solutions
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Find the exact value of the following expresslon by using the appropriate sum-to-product formula.

7a.) cos 195° + cos 105"_,-(‘ _
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7b.)  sin 195° + sin 105°
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Solve the following equation over the interval [0, 21).

8a.) sin 5x + sin 3x =@ O

2 5.1»\".5?_:}-'.. . COS&%%: 0

8b.) C0S 2X — c0S 6x =

~7_(§mw§(w 29 = 0

2+ Sinlfy COSA =0 U ﬂ« ~2y=Q
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/a) coslzx) Fosx =0
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- /1 =coS2 (2

\' ¥ cos (7))
- [l =cos YNt
- —_————\

\ [y cosY( )
— 1-2c0s4x tod Y

J + 2 cos Yy +[_c_082({)()

- - |+ 2cos gy
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2 -YeosYx + 1 treasdx _ \?~Cfco: Ux+2cos8y
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